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Abstract: In this paper, the robust observer-based control problem for uncertain singular time delay systems is 
investigated. The approach is based on using Finsler's lemma. First, delay-dependent linear matrix inequality (LMI) 
conditions are obtained which, guarantee that the nominal unforced system is regular, impulse free, and stable. Then, 
with the help of obtained admissibility criterion, an observer-based controller is given by solving a set of LMIs. Finally, 
some simulations are provided to demonstrate the effectiveness of the obtained results. 
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Introduction 

     Time delays constitute an inherent feature of 
several dynamic systems; they are regarded as an 
important source of instability and performance 
degradation in a great number of important engineering 
problems involving material, information or energy 
transportation. During the past three decades, 
considerable attention has been devoted to the analysis 
and synthesis of these time delay systems via linear 
matrix inequality (LMI) approach, for example, the 
Finsler's lemma was combined with the 
Lyapunov-Krasovskii functional and linear matrix 
inequality (LMI) techniques [10], the reciprocally convex 
approach [11], the novel integral equalities method [12], 
and the augmented Lyapunov functional with some triple 
integral terms method [13]. Very recently, the Wirtinger 
based integral inequality [14] was presented to achieve 
less conservative results.  
     On the other hand, the singular systems, also ref- 
erred to as descriptor systems, generalized state-space 
systems, differential-algebraic systems or semi-state 
systems. Over the past decades, it has extensive 
applications in many areas such as economic systems, 
chemical process, circuit systems, electric systems, power 

systems, robotic systems, networked control systems, 
space navigation systems, biological systems and other 
areas [1,2]. It should be pointed out that the stability 
problem of singular systems is much more complicated 
than state-space systems, because it requires considering 
not only stability, but also it required regularity and 
impulse-free conditions (for continuous systems). 
     During the recent years, much attention has been 
devoted to the study of singular systems with time-delay. 
As time delay is often encountered in various practical 
systems, and the fact that the existence of time delay 
often causes performance degradation or instability in 
dynamical systems. The methods may be classified into 
two categories: delay-independent cases [6] and 
delay-dependent cases [7]. Generally speaking, 
delay-independent cases are likely to be conservative, 
especially when the delay is comparatively small. 
Therefore, more attention has been paid to the study of 
delay-dependent stability of singular time-delay system 
and several results are obtained [8,9].  
     Many approaches have been developed in the 
literature to reduce the conservatism of the 
delay-dependent stability of singular time-delay system. 
For example, in [23], the model transformation method is 
proposed. The delay partitioning approach is developed 
in [26,27]. By Considering the appropriate 



 ORIGINAL ARTICLE  Robust Observer-based Control Design for Singular Systems with Delays in States 

www.ausmt.org  128          auSMT Vol. 8 No. 3 (2018) 
Copyright © 2018 International Journal of Automation and Smart Technology 

Lyapunov-Krasovskii functional based on Jensen 
Inequality, delay dependent conditions are given in 
[3,9,25]. Very recently, the Wirting-based integral 
inequality to achieve less conservative results, however, 
stability analysis of singular time-delay system based on 
the Wirtinger integral inequality approach has rarely 
been studied. Note that all the above references assume 
that the system's state is measurable. Hence, if the state 
is note fully measurable, these works can't be applied. 
     It has been recognized that in most practical 
situations, state variables are generally not easily 
available through output measurement. In this case, the 
problem of state feedback controller design for 
time-delay systems is infeasible. Therefore, the design of 
a controller that does not require complete access to the 
state vector is preferable. That is why many observer 
design problems, which are concerned in using the 
available information on inputs and outputs to 
reconstruct the unmeasured states of the studied system, 
have been widely investigated for many practical 
applications in [15-19], whereas only a few works have 
been carried out on singular systems [20-22] this 
motivates our work. 

The objective of this paper is to design an 
observer-based controller such that the uncertain 
singular time-delay system is robustly stable. First, a 
delay-dependent LMI condition that guarantees that the 
nominal unforced system is regular, impulse-free, and 
stable. A lemma will play a significant role in the 
derivation of a less conservative delay-dependent result. 
Then, the problem of robust output feedback 
stabilization is examined using an observer-based control 
law. Finally, some numerical examples are provided to 
demonstrate the efficiency of the proposed results. 
     Notation: TX  denotes the transpose of X . X  
denotes the Moore-Penrose pseudo-inverse matrix of X . 
Symmetric elements in the matrix are denoted by  . 

( )Sym X denotes  TX X . n  and n m  denote 
respectively the n-dimensional Euclidean space and the 
set of all n m  real matrices. 

Problem description and preliminaries 

Consider the following uncertain singular time 
delay systems  

 
( ) ( ( )) ( ) ( ( )) ( )

( ( )) ( ),
( ) ( ),

( ) ( ), [ ,0].

h hEx t A A t x t A A t x t h
B B t u t

y t Cx t

x t t t h

     
   
 
   



      (1)            

Where ( ) nx t  is the state vector, ( ) mu t is the 
control input and ( ) py t  represents the measured 
output vector, h  is a constant delay satisfying 
0 h h   and ( )t  is the initial condition of the system. 
The matrix n nE , let ( )rank E r n  , i.e matrix E  
may be singular. Matrices , ,hA A B  and C   are known 
real constant matrices with appropriate dimensions. 

( ), ( )hA t A t   and ( )B t  are unknown matrices 
representing norm-bounded parametric uncertainties 
and are assumed to be of the form  
 

   1 2 3( ), ( ), ( ) ( ) , ,hA t A t B t HF t E E E         (2)            

where 1 2 3, , ,H E E E  are known real constant matrices 
with appropriate dimensions and ( )F t  is are unknown 
real and possibly time-varying matrices satisfying  
 

( ) ( )TF t F t                    (3) 

The following lemmas are very useful for our 
development in this paper. 
 

Lemma 1: [29]. Let , ,TQ Q H E  and ( )F t  
satisfying ( ) ( )TF t F t    appropriately dimensioned 
matrices, the following inequality 

( ) ( ) 0T T TQ HF t E E F t H    is true, if and only if there 
exist a scalar 0   such that 
 
                    1 0T TQ HH E E          (4) 

Lemma 2: [30]. Consider a given matrix n , a 
symmetric matrix n nQ   and a matrix m n , such 
that ( )rank B n . The following statements are 
equivalent: 
 

1) 0,TQ     such that 0, 0B     
2)  0TB QB    
3) : 0TQ B B       
4) : 0n m T TF Q FB B F      
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where B  denotes a basis for the null-space of B . 
 

Lemma 3: [14]. Consider a given matrix 0T  ; 
then, for all continous function   in  , na b  , the 
following inequality holds: 

   ( ) ( ) ( ) ( ) ( ) 3
Tb b bT T

a a a
b a s T s ds s ds T s ds T         

 
where  

2
( ) ( )

b b s

a a a
s ds r dr ds

b a
   

    . 

Definition 1: [1]. 1) The pair ( , )E A   is said to be 
regular if det( ) 0sE A  . 2) The pair ( , )E A   is said to 
be impulse free if  deg det( ) ( )sE A rank E  . 

 
Definition 2: [1]. 2) The singular time-delay system 

 
( ) ( ) ( )

( ) ( ), ,0

hE x t A x t A x t h

x t t t h

  
      


          (5) 

 
is said to be regular and impulse free, if the pair (E,A) is 
regular and impulse free. 
2) System (6) is said to be asymptotically stable, if for any, 
there exists a scalar ()>0, such that for any      

compatible initial condition (t) with, 0
sup ( ) ( )
h t

t t 
  

  

The solution x(t) of (5) satisfies ( )x t   for 0t   and 

0
lim ( ) 0
t

x t


 . 

 
3) System (5) is said to be admissible, if it is regular, 
impulse free, and asymptotically stable. 

Mains results 

Delay-dependent stability analysis for singular system 

In this section, we concentrate our attention on 
the problem of stability analysis for nominal system (1). 

Theorem 1: For a given scalar 0h  , system 
described by (5) is admissible if there exists symmetric 
positive definite matrices 1 11 22 11 22, , , ,R Q Q P P  and 
appropriately dimensioned matrices 12 12 0 1 2, , , ,Q P F F F
such that the following LMIs are feasible. 

 

      

11 12 13 14 15

22 23 24 25

33 34 35

44 45

55

0

     
      
        
 
     

      

        (6) 

11 12

22

0
Q Q

Q
 

  
            (7) 

 
11 12

22

0
P P

P
 

  
             (8) 

where 

11 1 11 22 12 12 0 0
4 T T T T TR hQ E Q E E P P E F A A F
h

          

12 22 12 0 1
2 T T T T

hE Q E E P F A A F
h

        

13 12 11 0 2
T T T ThQ SR E P F A F       

14 22 12 222

6 4T T TE Q E E Q P
hh

     

15 122

6 T TE Q
h

   

22 1 22 1 1
4 T T T

h hR E Q E F A A F
h

       

23 1 2
T T
hF A F     

24 22 12 222

6 2T T TE Q E E Q P
hh

     

25 122

6 T TE Q
h

   

33 22 2 2
ThQ F F     

34 12P   
35 0   

 44 12 12 11 222 3

6 4 12T T TE Q Q E Q E Q E
hh h

      

45 11 122 3

6 12 T TQ E Q
h h

    

55 113

12
.Q

h
    

Proof: The proof is divided into two parts. First, we 
deal with the regularity and impulse-free properties. 
Second, we treat the stability property. First, we show 
that system (5) is regular and impulse free. We choose 
two nonsingular matrices M  and N  such that 

0
0 0

rE MEN
 

   
 

  

11 12

21 22

A A
A MAN

A A
 

   
 

 

11

21

.T S
S N S

S
 

   
 

 

 
Noting that 0TE R   and ( )n n rR   , we can obtain 
 

  
22

0
.TM R

R
  

  
 
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From the properties of negative definite matrices, it can 
be easily seen that: 
 

11 13

33

0
  

   
           (9) 

 
Let TJ A    , Pre-multiplying and post-multiplying (9) 
by J  and TJ , respectively, we get 
 

 12 11 12 1 11

22 22
4

0

T T T

T T

sym E P E P A hQ A SR A R hQ

E Q A Q A
h

    

  
     (10) 

 
Pre-multiplying and post-multiplying (10) TN  and N , 
we have  21 22 22 0Tsym S R A  , which means 22A  is 
nonsingular. Then, by Definition 1, the pair ( , )E A  is 
regular and impulse-free. Therefore, from Definition 2, 
the system (5) is regular and impulse-free. 
Next, we show the stability of system (5). Choose the 
following Lyapunov-Krasovskii functional  
 

1 2 3( ) ( ) ( ) ( )t t t tV x V x V x V x                   (11) 
 

1 1( ) ( ) ( )
t T

t
t h

V x x s R x s ds


                     (12) 

 

11 12
2

22

( ) ( )
( )

( ) ( )

T

t tt

t h t h

Ex t Ex tP P
V x

Px s ds x s ds
 

                 
    (13) 

 
0

3( ) ( ) ( )
t T

t
h t

V x s Q s dsd

  

 
                 (14) 

 
     Where ( )tx x t    for  ,0h   and  

 ( ) ( ) ( )
TTTt x t Ex t     . 

Along the solution of system (5); the time derivative of 
( )tV x  is given by: 

1 1 1( ) ( ) ( ) ( ) ( )T T
tV x x t R x t x t h R x t h                (15) 

11 12
2

22

( ) ( )
( ) 2

( ) ( )( )

T

tt

t h

Ex t P P Ex t
V x

P x t x t hx s ds


                  
     (16) 

 

3 ( ) ( ) ( ) ( ) ( )
tT T

t
t h

V x h t Q t s Q s ds   


               (17) 

 
By applying Lemma 3 we can obtain: 

   3
1 3

( ) ( ) ( ) ( ) ( )
Tt tT T

t
t h t h

V x h t Q t s ds Q s ds Q
h h

   
 

     

                                           (18) 

Where 

2
( ) ( ) .

t t s

t h t h t h
s ds u duds

h
 

  
            

Noting that 0TE R  , we can deduce that 

2 ( ) ( ) 0T Tx t E RS x t               (19)  

Combining (15), (16), (18) and (19) yields 

( ) ( ) ( )T
tV x t t                 (20) 

Where 

   ( ) ( ) ( ) ( ) ( )
TtTT T T

t h
t x t x t h Ex t x s ds




 
   

         ( )
Tt s

t h t h
x u duds

 



      (21) 

 
11 12 13 14 15

22 24 25

33 34

44 45

55

0
0

     
     
      
 
     

      

     (22) 

and 

11 1 11 22 12 12
4 T T TR hQ E Q E E P P E
h

       

12 22 12
2 T TE Q E E P
h

      

13 12 11
T ThQ SR E P     

14 22 12 222

6 4T T TE Q E E Q P
hh

     

15 122

6 T TE Q
h

   

22 1 22
4 TR E Q E
h

     

24 22 12 222

6 2T T TE Q E E Q P
hh

     

25 122

6 T TE Q
h

   

33 22hQ   
34 12P   

 44 12 12 11 222 3

6 4 12T T TE Q Q E Q E Q E
hh h

      

45 11 122 3

6 12 T TQ E Q
h h

    

55 113

12
.Q

h
    

 
Now, let 
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 0 0hB A A    

 

  0 1 2 0 0
TT T TF F F F     

Then we can verify that 0B  . The matrix   in (6) 
can be written as: 
 

0.T TFB B F        
 
Applying Lemma 2 we have ( ) ( ) 0T t t   which implies 

that ( ) 0tV x  . Thus, the system (5) is asymptotically 
stable. The proof is completed. 

Remark 1: We addressed the problem of the 
stability analysis of singular systems with delay in state, 
by using Finsler's lemma. To the best of our knowledge, 
Finsler's lemma has been used in [10] and [28] where it 
has been shown via extensive numerical computations 
that it gives less conservative results than the other 
approaches. This approach has also the advantage, that it 
leads to conditions that to not include products of the 
Lyapunov matrices with neither the instantaneous state 
matrix A  nor the retarded state matrix hA . 

Remark 2: Theorem 1 gives a delay-dependent 
sufficient condition, which guarantees that system (5) is 
regular, impulse-free and stable. From (6), (7) and (8), it 
is seen that theorem 1 doesn't rely on a condition of type 

0T TE P P E   which is difficult to implement on LMI 
Toolbox of Matlab, as in the case of most of literature 
results [3,7,9,23-27]. Consequently, the complexity of 
implementation of our results is reduced. 

Observer-based control design 

In the following, the problem that we are dealing 
with is observer-based controller design for singular 
system (1). More specially, we shall give sufficient 
condition for the existence of controller in terms of LMIs 
and present the corresponding observer-based controller 
design method. To achieve the aforementioned objective, 
we use the following observer-based controller: 

 

 



      






   

̂ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( ) ,
ˆ ˆ( ) ( ),

ˆ( ) ( ),

( ) ( ), [ ,0].

hEx t Ax t A x t h Bu t L y t y t

y t Cx t
u t Kx t

x t t t h

               

(23) 
Where ˆ( )x t is the estimated state, K  and L  are the 
controller gain and the observer gain to be designed, 
respectively. Define the estimation error as 

ˆ( ) ( ) ( ),e t x t x t   and ˆ( ) ( ) ( ) .
TT Tx t x t e t    Combining 

(1) with (23), the augmented closed-loop system is 
written as 
 

   

   


      

    


( ) ( ) ( ) ( )

( ) ( ), ( ) ( ) , [ ,0]
hEx t A t x t A x t h

x t t t t t h
       (24) 

 
with  
 

 ( ) ( ) , ( ) ( ) , ( ) ( ), ( ) ,A h h h hA t A HF t E A t A H F t E F t diag F t F t             

 

 
0 0

, , ,
0 0 0

h
h

h

E A BK LC A
E A A

E A LC A
     

            
     

 

       
        
     

   1 1
2 2

3

0 0 0
, , , .

0A h h

E E
H E H E E E

H H E K H
 

 
Remark 3: In the case when E   , that is to say, 

the singular systems are reduced into linear systems. The 
problem of the observer-based controller design for 
linear systems is considered in [15-19]. However, the 
results of these papers can't be applied to singular 
systems. This makes our results have broader 
applicability in practice. 

Theorem 2: For a given scalar 1 20, 0, 0h      
and scalar tuning parameters 0, 1,2i i   , the system 
described by (24) is admissible if there exists symmetric 
positive definite matrices 1 11 22 11 22, , , ,R Q Q P P     and 
appropriately dimensioned matrices 12 12, ,Q P X   such that 
the following conditions are feasible. 
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22 23 24 25 1 16 1 17

33 34 35 2 16 2 17
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1

2

00 0
0 0

0

 
 




       
 
       

       
 

       
      
       

         

      
     

    
  


     

(25)  
 

11 12

22

0
Q Q

Q

 
  

 
                (26) 

 

            
11 12

22

0
P P

P
 

  

 
                (27)           

where 
 

11 1 11 22 12 12 1
4 T T T T T TR hQ EQ E EP P E AX X A HH
h

                      
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12 22 12 1
2 T T T

hEQ E EP X A AX
h

                

13 12 11 2
T ThQ SR EP X AX               

14 22 12 222

6 4T TEQ E EQ P
hh

          

15 122

6 TEQ
h

    

16
T T

AX E     

17
T T

hX E     

22 1 22 1 1 2
4 T T T T

h h h hR EQ E X A A X H H
h

                   

23 1 2
T

hX A X         

24 22 12 222

6 2T TEQ E EQ P
hh

          

25 122

6 TEQ
h

    

33 22 2 2
ThQ X X        

34 12P    

35 0   

 44 12 12 11 222 3

6 4 12T T TEQ Q E Q EQ E
hh h

             

45 11 122 3

6 12 TQ EQ
h h

   

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12
.Q

h
     

 
and ( )n n rR      is any matrix with a full column rank 

that satisfies 0, ( )TE R rank R n r     . 
 

Proof: Under the conditions of the theorem, it 
follows from 22 2 2 0ThQ X X       that X   is 
nonsingular. 
Now, consider the following singular delay system: 
 

( ) ( ) ( )T T T
hE t A t A t h                  (28) 

 

Note that if    det det T TsE A sE A      , then the pair 

( , )E A    is regular, impulse-free, and stable if and only if 
the pair ( , )T TE A    is regular, impulse-free, and stable. 

Moreover, because  det 0hs
hsE A e A      and 

 det 0T T hs T
hsE A e A      have the same solution. As 

long as the regularity, free of impulse and stability are 
concerned, we can consider system (28) instead of (24) 
without uncertainties. Then, applying theorem 1 to the 
system (28) and setting 0 1 1 2 2, ,T T TF X F X and F X     
the following inequality holds:  
 

11 12 13 14 15

22 23 24 25

33 34 35

44 45

55

0

     
 
     

       
 
     

      

   
   

   
 



       (29) 

 
For the uncertain singular system (24), by replacing in (29) 
A  and hA  with ( ) AA HF t E     and ( )h h hA H F t E   , 
respectively, yields the following inequality 
 

 1 1 2 2( ) ( ) 0sym M F t N M F t N              (30) 
 

where  

1 0 0 0 0 ,T TM H       

1 1 2 0 0 ,A A AN E X E X E X              

2 0 0 0 0 ,T T
hM H       

2 1 2 0 0 ,h h hN E X E X E X            

 
By Lemma 1, it follows that there exist scalars 1 0   
and 2 0   such that 
 

1 1
1 1 1 1 1 1 2 2 2 2 2 2 0T T T TM M N N M M N N                   (31) 

 
Invoking the Schur complement, condition (25) holds. 
 

Remark 4: Theorem 2 presents sufficient 
conditions on admissibility for system (1) via 
observer-based controller. According to the expressions 
of closed-loop system matrices, it can be seen that the 
conditions in the aforementioned Theorem 2 are 
nonlinear matrix inequalities (nLMIs) with respect to the 
parameter matrices K  and L , since some terms of 
these conditions are appearing in (25) in nonlinear 
fashion. In order to facilitate solving theorem 2, some 
matrix transformations are needed to transform then 
nLMIs (25) to LMIs. 

 
Theorem 3: For prescribed scalars 10, 0,h    

2 0   and scalar tuning parameters 0, 1,2i i   , the 
considered observer-based controlling problem of the 
uncertain singular time-delay system (24) is solvable, if 
there exists symmetric positive definite matrices 

1 11 22 11 22, , , ,R Q Q P P     and appropriately dimensioned 

matrices 1
n nX  , 11

ˆ q qX  , ( )
21

ˆ n q nX   , 
( ) ( )

22
ˆ n q n qX    , 12 12,Q P   such that the following LMIs are 

feasible. 
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11 12 13 14 15 16 17

22 23 24 25 1 16 1 17

33 34 35 2 16 2 17
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00 0
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0

 
 




       
 
       

       
 

       
      
       

         

      
     

    
  


     

(32)  
 

11 12

22

0
Q Q

Q

 
  

 
               (33)                

11 12

22

0
P P

P
 

  

 
                (34) 

                
where 
 

11 1 11 22 12 12 1
4 T T T T T TR hQ EQ E EP P E AX X A HH
h

                      

12 22 12 1
2 T T T

hEQ E EP X A AX
h

                

13 12 11 2
T ThQ SR EP X AX               

14 22 12 222

6 4T TEQ E EQ P
hh

          

15 122

6 TEQ
h

    

16
T T

AX E     

17
T T

hX E     

22 1 22 1 1 2
4 T T T T

h h h hR EQ E X A A X H H
h

                   

23 1 2
T

hX A X         

24 22 12 222

6 2T TEQ E EQ P
hh

          

25 122

6 TEQ
h

    

33 22 2 2
ThQ X X         

34 12P    

35 0   

 44 12 12 11 222 3

6 4 12T T TEQ Q E Q EQ E
hh h

             

45 11 122 3

6 12 TQ EQ
h h

      
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12
,Q

h
     

1 1

2 2

0
, ,

0 0
L

L

X AX BY Y C
X AX

X AX Y C
   

       
     

   
    
   

   1 1 1 1 2

2 3

0
, ,

0 0
h

h A
h

A X E X E X
A X E X

A X E Y
 

  11
2 1 2 2 2 2 2

21 22

ˆ 0?, , .
?

T
h

X
E X E X E X X VX V X

X X

 
    

 
   

 
In addition, the controller gain and the observer 

gain in (24) are given 1
1K YX   and 1 1

11
ˆ T

LL Y USX S U  . 
Proof: Under the conditions of the theorem, it 

follows from 33 0   that X  is nonsingular. Thus, 2X  
is also nonsingular. Setting 1

11
ˆ T

LY LUSX S U  and 
1Y KX . 
Since C  is of full-row rank, that is to say

( )rank C q , its singular value decomposition can be 
given of the following form 

  
 0 TC U S V                (35) 

 
where  1 2, , , qS diag s s s   and  1, ,is i q   are 
nonzero singular values of C .  
Hence, 
 

 1
11

ˆ 0T T
LY C LUSX S U U S V  

               11
ˆ 0 TLU SX V     

               
11

11
21 22

ˆ 0ˆ 0
?

T TX
LU SX V V V

X X

 
    

 
 

               2LCX    
 
Thus, the augmented matrices can be written as 
 

1 1 2 1

2 2 2

0
, ,

0 0
h

h
h

AX BKX LCX A X
AX A X

AX LCX A X
   

       
     

 1 1 1 2
2 1 2 2

3 1

, .
0A h

E X E X
E X E X E X E X

E KX
 

  
 

     

 
Then, from theorem 3, the closed-loop singular system 
(24) is admissible. 

Remark 5: For singular time-delay systems, the 
observer gain and controller gain are derived by solving 
LMIs. Since the regular time-delay systems area is a 
particular case of singular systems. Then, Theorem 3 is 
applicable to both singular time-delay systems and 
regular time-delay systems. 

Remark 6: When the scalar parameters 1  and 
2  are fixed, the condition (32) of Theorem 3 becomes 

LMI. However, choosing arbitrary 1  and 2  does not 
lead to the best result. In the following, a tuning 
procedure for the parameters 1  and 2  is proposed 
to enlarge the bound mh  on the time varying delay. If 
we select as optimization parameters 1  and 2  and 
choose a cost function mint , with mint   , where    
is defined in (32), then if there exists a combination of 
parameters 1  and 2  that gives a negative mint , 
these parameters give a feasible solution of the 
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conditions in Theorem 3 (finding this combination can be 
carried out by solving the corresponding feasibility 
problem). Finally, applying a numerical optimization 
algorithm, it is possible to obtain a locally convergent 
solution to the problem (using, e.g. fminsearch in the 
Optimization Toolbox [31]). If the resulting minimum 
value of the cost function is negative, then a combination 
of tuning parameters that solves the problem is found. 
This procedure can be derived as follows:         
 
Algorithm 1: (finding 1  and 2  that maximize mh ) 
Step 1: Fix initial values 1 10 2 20,      and 0m mh h , 
where 0mh  must be small enough to have a feasible 
solution, and set a step variation msteph .  
Step 2: Solve the following problem: 
 

  
1 2

min min
,

min t such that t
 

            (36) 

 
and obtain new values of 1  and 2 . 
Step 3: If min 0t  , the previous values of 1  and 2  

give the largest bound of delay; otherwise  min 0t  , to 

improve the solution, set m m msteph h h   and repeat 
from Step 2.   
 

Remark 7: To apply our method to a real system, 
we need to use other components, for example the 
interfaces and also cablings. These added components 
may have influences on the desired performance. To 
overcome this, we must take into account the 
parameters of these components to build the effective 
control law. Also, as is well known, in the case of 
large-scale problems, the dimension of the matrix 
inequality becomes large, this will increase the time 
complexity. 

Numerical examples 

In this section, we give two examples to illustrate 
the effectiveness of our results. 

Example 1: Consider the singular time-delay 
system (5) with 

 
1 0 0.3012 0.1257

, ,
0 0 0.2351 1.0998

E A
   

       
  

0.5 0
.

0 0.1h

c
A

c
 

   
 

 
where c is a scalar parameter. 

To compare with our results, we compute the 
time-delay upper bound h  by Theorem 1 and other 
results of [22,23,24,25,26,27], the results are 

summarized in Table 1. From Table 1 we can see that our 
results are less conservative than those reported in the 
above-mentioned papers. 
 

Example 2: Consider the uncertain singular 
time-delay system (1) with the following parameters 

 
1 0 0 1.5 0.4 0.2
0 1 0 , 0.3 0.6 0.4 ,
0 0 0 0.9 0.5 0.8

E A
   
        
      

 

0.4 0.3 0.2 0.5
1 0 0

0.2 0.3 0.4 , 1.5 , ,
1 0 1

0.1 0.5 0.2 1
hA B C

   
                   

 

   1 2 3

1.5
1.5 , 0 0 0.5 , 0 0 0.3 , 0.3.
1.5

H E E E
 
     
  

  

 
Let 1 21.5, 1, 0.01h      and 1 2 0.01   , solving 
the LMIs obtained from Theorem 3 by using Toolbox in 
MATLAB (MathWorks, Natick, MA, USA). The controller 
matrix and observer gain matrix are designed as   
 

 4.0193 0.7310 74.4440 ,K      

7.1225 16.0217
116.9783 134.3485 .
87.9241 100.2778

L
 

   
  

 

 
Applying the theorem 3.3 in [22], the followings 

controller gain matrix K   and the observer gain matrix 
L  are obtained. 

 
 5.0835 0.9470 96.4382 ,K     

17.1792 27.8765
172.3307 195.0774 .
129.6115 146.1288

L
 

   
  

 

 
A simple comparison between the gains shows the 

improvement brought by the proposed methodology. 
Given the initial conditions 

 ( ) 0.05 0.65 1 Tt   ;  1.5,0t  , and 
( ) 0.8 0.2sin( )F t t   the simulation results are 

presented in Figure (1-6). Figure (1-3) shows the states of 
the closed-loop system, and Figure (4-6) depicts the 
errors dynamic system, respectively. From the figures, it 
is quite clear that the generated control law guarantees 
regulation to the zero level, and our results are less 
conservative than those reported in [22].
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Table 1. Comparison of maximum allowed delays h  for example 1. 

c 1 1.2 1.4 1.6 2 
Fridman et al [23] 2.0362 1.7691 1.5619 1.3977 1.1548 
Xu et al [24] 2.2750 1.9635 1.7282 1.5438 1.2729 
Ding et al [25] 4.1749 3.1753 2.5725 2.1659 1.6491 
Feng Y et al [26] (m=2) 4.8587 3.6397 2.9197 2.4413 1.8419 

Feng Z et al  [27](m=2) 4.8608 3.6418 2.9220 2.4436 1.8443 

Kchaou et al [22](m=2) 4.9173 3.6770 2.9467 2.4623 1.8565 

Theorem 1 5.0645 3.7819 3.0276 2.5278 1.9037 
 

 
Figure 1. Response and estimate of the state x1. 

 
Figure 2. Response and estimate of the state x2. 

 
Figure 3. Response and estimate of the state x3. 

 

 
Figure 4. Trajectory of error state e1. 

 
Figure 5. Trajectory of error state e2. 

 
Figure 6. Trajectory of error state e3. 
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Conclusion 

In this paper, the problem of robust output 
feedback control for linear delay singular systems with 
uncertainties is addressed. First, a delay-dependent 
stability criterion is derived for the nominal system (i.e 
without uncertainties). The proposed results are less 
conservative than some existing ones. Then, based on 
the obtained condition, sufficient conditions for 
admissibility and the design of observer gain and the 
observer-based controller gain are derived for uncertain 
systems. Finally, numerical examples and simulation 
results are given to demonstrate the validity of the 
proposed method. 
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