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Abstract: In this paper, the problem of GPS non-line-of-sight (NLOS) positioning in urban canyon environments is
considered. We propose a new position-determination estimator based on sequential quadratic programming (SQP)
that is able to estimate and eliminate the path-delay error caused by the indirect transmission of the GPS signal. The
estimator takes into account the measurement bias resulting from NLOS transmission and also improves the location
accuracy of the satellite positioning system. The present method can effectively eliminate NLOS delay errors and
improves the location accuracy of a satellite navigation receiver in an urban canyon environment. A
Wilcoxon-norm-based regressor is further derived to improve the probability of detection of NLOS biases. The
Wilcoxon regressor is a robust estimator that is well-suited to identifying outliers (in our case, NLOS biases) during the
regression process. Experimental results demonstrate that the proposed estimator can accurately compute a user’s
location after identifying and removing the measurement biases.
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1. Introduction

PNDs (Personal Navigation Devices) have become
nearly ubiquitous. With the help of satellite navigation
systems (such as GPS), an off-the-shelf PND can provide
real-time positioning information accurate to within a
few meters. As the field of PND applications expands,
new navigation devices are subject to problems not
considered in the original system design. For example
non-line of sight (NLOS) reception of the navigation
signal may drastically degrade the quality of the
positioning result. Although NLOS problems were
acknowledged when GPS products were first introduced,
the issue is significantly more pronounced in urban
canyon environments, and urban PND applications were
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not widely anticipated when GPS was first invented.
Among the key issues faced in urban navigation is
multipath error caused by signal reflections, diffractions,
and scatterings. For satellite navigation, this and
ionosphere propagation delay are the main sources of
location determination error.

Recently, non-GPS based wireless positioning
technologies have emerged as a major means for
ground-based navigation where GPS signals are weak or
not available (or at least is degraded dramatically) [1].
Ground-based wireless positioning is more vulnerable to
multipath interference than satellite-based positioning
system and this has prompted the development of many
multipath mitigation techniques for ground-based
wireless positioning systems. Methods for averaging
measurement sequences are introduced in [2] and [3].
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Specifically, [2] proposes LOS reconstruction, while [3]
uses a residual weighting method. Both the LOS
reconstruction and the residual weighting methods are
capable of reducing the effect of the fast fading noise
error caused by multipath errors. Other methods have
been developed to improve location accuracy based on a
priori statistics or empirical databases of NLOS errors are
derived (e.g., [4, 5]. Another method for mitigating the
NLOS effect is constrained optimization. When there is
only limited information concerning measurement biases,
constrained optimization is particularly useful for
estimating desirable parameters [6]. In particular, in [7] a
three-step method based on interior-point optimization
is used to estimate and eliminate the measurement bias
contained in each pseudorange. The abovementioned
methods have their own ground in the field of wireless
positioning. However, these concepts have seldom been
applied to the field of satellite-based positioning system
(such as GPS). The present paper adapts the method of
constrained optimization in [7] to develop a new position
estimator for GPS receivers.

This paper aims to provide a method to efficiently
estimate and eliminate the path-delay error. A new
position-determination estimator is proposed based on
sequential quadratic programming (SQP). The estimator
takes into account the measurement bias resulting from
NLOS transmission and also improves the location
accuracy of satellite positioning systems. The present
method effectively eliminates NLOS (non-line-of-sight)
delay errors and also improves the location accuracy of
satellite navigation receivers. A Wilcoxon-norm-based
regressor is further derived to improve the probability of
detection of NLOS biases. The Wilcoxon regressor is a
robust estimator that is well-suited for identifying
outliers (in our case, NLOS biases) during the regression
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process. Experimental results demonstrate that, after
identifying and removing measurement biases, the
proposed estimator can accurately compute a user’s
location.

The rest of this paper is organized as follows: In
Section 2, the method of SQP optimization is briefly
described. In Section 3, the proposed method for GPS
NLOS detection is introduced. The SQP algorithm can
accurately estimate the bias error, but is not well-suited
for identifying the satellite signal which actually contains
the NLOS error. Therefore, we introduce a robust
nonlinear regression using the Wilcoxon norm to help
identify the NLOS propagation prior to using the SQP
method, so as to reduce the number of constraint
equations and  improve  positioning  accuracy.
Experimental results are given in Section 4, and some
concluding remarks are provided in Section 5.

2. Sequential Quadratic Programming

The method of sequential quadratic programming
was first proposed by R. B Wilson in 1963 to solve
constrained nonlinear optimizations [8]. It relies on a
profound theoretical foundation and provides powerful
algorithmic tools to solve large-scale technologically
relevant problems.

Consider the following nonlinear optimization
problem:

minf(x),

where x is an n-by-1 vector, h(x) is a p-by-1 vector of
equality constraint, and g(x) is a g-by-1 vector of
inequality constraint. To solve the constrained
optimization problem, we can define the following
Lagrangian functional:

L(x,A,t) = f(x)+A"h(x) + ' g(x), (2)
where A and tare the Lagrangian multipliers. Assume
Equation (2) is first-order continuously differentiable, and
suppose there exists a local minimum at x*, then the
following first-order Karush-Kuhn- Tucker (KKT) condition
holds:

VL, A, T) = VF(X)+ Vh(x)A + Vg(x )t =0. (3)
If we further assume that Equation (2) is second-order

continuously  differentiable, then the following
second-order KKT conditions also hold:
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A>0,t>0,t ()A()=0,Vi
The columns of the matrix G(x*) are linearly
independent, where G(x*) is defined as:

(i)
(ii)

G(x')=[ VA, (x')---Vh,(x) Vg, (x)---Vg, (x) ]
d'H,(x",A,t)d >0, where H,(x’, A, 1) is the Hessian

matrix of the Lagrangian functional, and d is a
vector satisfying G'(x )d > 0.

(iii)

If conditions (i)~(iii) hold, then X is the absolute global
minimum. The SQP method first considers the equality
constraint, and then transforms the original function to a
quadratic  optimization problem with inequality
constraint. To this end, consider Problem (1) with only
the equality constraint h(x) = 0, and apply the
Newton-Raphson method. Then, at the k-th iteration, we
have the following linearized equation:

xk+1 xk _ HL(xk'Ak) Vh(xk) - _Vf(xk)
Ak+1 - Ak - ‘

Vh'(x,) 0 —h(x,)
Upon transposing the above equation and making a

change of variables of the form s = x;,; — X, and u = A4 -
A, we then arrive at the following equation:

H (x,,A,) Vh(x,)| s _ -Vfi(x,)

Vh(x,) 0 |u| | -h(x,) |
The above equation can be thought of as a sub-problem
of the form:

(4)

i 1
m|anT(xk)s+ESTHL(xk,Ak)s, )
subject to h(x,)+ Vh' (x,)s =0,

which has the same KKT condition with the original
problem, i.e., Equation (1); and finally by some intricately
mathematical proof, we know that the inequality
constraint will have a similar form as the equality
constraint. Therefore we can construct a quadratic
programming sub-problem as follows:

1
mianT(xk)s+ESTHL(xk,)\k)s,

subject to h(x,)+ Vh' (x,)s =0,
g(x,)+Vg'(x,)s<0.

In [8], it was shown that, assuming the original nonlinear
optimization problem is convex and satisfies all the
necessary KKT conditions, the solution of each
sub-problem (6) exists. If the quadratic programming
sub-problem is well convergent, the optimal solution of

@ www.ausmt.or

39

He-Sheng Wang, Chen-Ying Kao, and Jing-Fen Chen

nonlinear problem (1) can be obtained by iteratively
repeating this process. Two additional properties of the
SQP method should be pointed out. First, SQP is not a
feasible point method, i.e., neither the initial point nor
any of the subsequent iterates need to be feasible
(where a feasible point satisfies all of the constraints of
the nonlinear problem). This is a major advantage since
finding a feasible point when there are nonlinear
constraints may be nearly as hard as solving the
nonlinear programming problem itself. Second, the
success of the SQP method depends on the existence of
rapid and accurate algorithms to solve quadratic
programs.

3. NLOS Detection and Elimination by
SQP Method

The SQP algorithm can accurately estimate the bias
error, but it is not well-suited for identifying the satellite
signal which actually contains an NLOS error. Therefore,
we introduce a robust nonlinear regression using the
Wilcoxon norm to help identify the NLOS propagation
prior to using the SQP method, so as to reduce the
number of constraint equations and improve positioning
accuracy. Next, we first review some basic facts
concerned with GPS.

GPS is a satellite-based navigation system
consisting of a network of 24 satellites placed into six
mid-earth orbits. GPS satellites circle the earth twice a
day in a precise orbit and transmit signals modulated by
navigation messages to users on the ground. The basic
idea of GPS positioning is that users then consider this
information and use multi-lateration to calculate the GPS
receiver’s exact solution. Essentially, after receiving the
satellite signal information, the GPS user is able to
construct the basic pseudorange measurement equation
as follows:

p(i)(t) —

rit,t —7)+ [, (t) - 5tV (t — )]+ 10(t) + TV (¢) + £t)

rit,t—7)2

Yo (e =2)=x,(0F + (" = 2) =y, (O + (2"t =) =2, ()
(7)

~

wherei=1, 2,..., Kis the number of satellites in view; r(i)(t,
t—17) is the actual distance between the receiver at signal
reception time t, and the satellite at signal transmission
timet- s = (xm, y(i), z(i)) is the i-th satellite’s coordinate;
u := (x,, V., 2,) is the user’s position coordinate; c is the
speed of light;dt,(t) and 5t(i)(t— 7) respectively are the
receiver and satellite clock offsets relative to GPS time;
/(i)(t) and T(i)(t) respectively are the ionospheric and
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tropospheric propagation delays; and & (t) accounts
for modeling errors and unmodeled effects (such as
thermal noise and multipath). Because of the offsets and
propagation delays, the ranges to GPS satellites
measured by a receiver are called pseudoranges. Users
would correct each measured pseudorange for the
known errors for parameter values in the navigation
message from the satellite. The main corrections
available to a civil user are the satellite clock offset, the
ionospheric delay using the parameter values for the
Klobuchar model, and the software model accounting for
the tropospheric delays. ,0,(:” is the pseudorange
obtained after accounting for various offset and error
terms. We thus rewrite Equation (7) for the corrected
pseudorange measurement as follows:

j(I') pli) c-O g”'(’)
c ! tu
(8)

=r" 4+ h+&",

where £% denotes the combined effect of the residual
errors. For simplicity, in Equation (8) we have dropped
explicit reference to time. Equation (8) has four
unknowns, namely the user’s position (x,, y,, z,) and the
clock bias &t,. Hence, if we have at least four
pseudorange measurements, Equation (8) can be
linearized and then solved by least-squares method to
obtain the user’s coordinates. This procedure can be
found in many advanced GPS textbooks (see e.g. [9]);
here we have only emphasized how the satellite
ephemeris is used in Equation (8). To solve the corrected
pseudorange equation, the satellite’s position ", y(i), 2
is assumed to be known. For traditional GPS receivers,
the satellite’s position can be computed using the
broadcast ephemeris downloaded from the GPS
navigation message. The ephemeris broadcast from the
satellites themselves is valid only for 2 to 4 hours. The
GPS control segment has a future ephemeris beyond the
next 4 hours, and the ground stations upload this data to
the satellites. This set of data consists of six Keplerian
elements as well as a few correction terms. The only way
to access this information is to wait for the ground
station to update. On the other hand, to accurately
compute the satellite position, the full set of ephemeris
data must be obtained from the satellite signal, which, at
a rate of 50 bps, usually requires at least 30 seconds of
non-interrupted reception. However, urban GPS users
may not be able to provide continuous reception due to
signal blockage. Furthermore, even if the mobile device
can continuously track the GPS signal, most users still
expect their devices to determine their position within a
few seconds. This raises a demand for some available
source of future ephemeris that can be retrieved in a
timely manner and has a relatively long expiration time.
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In an urban-canyon environment, multipath
interference usually results in large pseudorange errors
which can be seen as outliers in the robust regression
problem. The idea here is to introduce one extra bias
parameter so as to reflect the path delay caused by NLOS
transmission. Under this circumstance, Equation (8) is
written as:

pli)=|u=s'|[+b+mii),

where p(i) is the pseudorange measurement of i-th
satellite; u is the user’s position vector; s is the 3D
coordinate of the i-th satellite; b is the receiver’s clock
bias; and m(i) is the NLOS bias in the i-th pseudorange
measurement. Note that the residual error term is
omitted in the previous equation. To estimate the NLOS
bias, we define the following nonlinear programming
problem:

min f(u,b,m) = i(p(i)—"u —s'||—b—m(i))2,

i=1

subjectto m(i)=0,i € LOS,
10 <|m(i)| <200,i € NLOS,

where LOS denotes the set of satellites with line-of-sight
transmission, and NLOS denotes the set of satellites
having only a NLOS signal. By applying the procedure
outlined in Section 2, we then obtain the following
sub-problem at k-th iteration:

1
minAJs +§sTBks,
subject to m, (i) +s(i+4)=0,i € LOS,
m, (i) +s(i +4) —200 < 0,i e NLOS,

where A, =Vf(u,b,m), and B, is the Hessian matrix of
the following Lagrangian function

L(u,b,m,A,t)= Zn:(p(i)—"u —s"”—b—m(i))2

i=1

S AGIm) + 3 el (mliy) —200)

+ > wi,)(10—m(i,))

i=r+1

where r; denotes the amount of LOS satellites, r, denotes
the number of NLOS satellites, and r; + r, = n. A detailed
calculation of the matrices A, and B, is given in the
appendix.
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4. Simulation and Experimental Results

This section describes several simulations and
experiments conducted to evaluate the performance of
the proposed method. Before giving the results of the
simulation, we first introduce another technique to
improve the probability of detection of NLOS
transmission. Specifically, the method is based on the
Wilcoxon regressor. Consider the Wilcoxon norm of the
measured pseudorange:

lell,, = ;a(R(p,-))p, = ;a(i)vm,

P::[pl pn]T e£",

where R(p) denotes the order of p; among the p/s so
that the outcome of R(:) is the ordered values v;) < ... <
Ve ali) = @li/(n+1)], and @(v):=12(v—0.5) is the
Wilcoxon score function. The Wilcoxon norm is a
semi-norm in the sense that [|p]l, =0 if and only if p, =
02 = ... = p,. Let the Wilcoxon estimator of x be defined as
follows:

X, = argmxin||p—r||W ,

where p=(po,,...,0,), ¥ =(r,..r,) . The next theorem
gives an existence condition for the Wilcoxon estimator.

Theorem 1. Consider model (8). Suppose that h(x) is
defined and continuous on a compact subset ® of R".
Then the Wilcoxon estimator exists on ©.

He-Sheng Wang, Chen-Ying Kao, and Jing-Fen Chen

As pointed out earlier, in an urban-canyon
environment, multipath interference usually results in
large pseudorange errors which can be seen as outliers in
the robust regression problem. Therefore, a pseudorange
measurement contaminated by NLOS will tend to have a
larger Wilcoxon score.

To evaluate the performance of the Wilcoxon
estimator, a Monte-Carlo simulation of 1000 runs is
conducted. For the Wilcoxon estimator, pseudorange
measurements with NLOS biases usually have higher
scores. For example, as shown in Table 1, the four
satellites with SV Numbers 2, 5, 9, and 22 have higher
scores, which agrees with our experimental data to
which we have purposely added NLOS biases in these
four satellites. In this case, we consider this run as
successful. The result of the Monte-Carlo simulation is
shown in Figure 1. We compare three different methods,
namely the Wilcoxon estimator, hypothesis testing, and
the residual-based method (traditional RAIM method).
The hypothesis testing method is based on the
procedure outlined in [6], and the residual-based
method is called receiver autonomous integrity
monitoring (RAIM) which is well-known in the field of
GPS navigation. The result shows that the proposed
method has better performance.

Table 1. Result of Wilcoxon Score Function.

SVNo. (2 (5|9 |11 |14 |19 |22 |25 |28

Score 9 |76 |4 1 2 8 3 5

0.9 T

08—

0.7

0.6

0.5

0.4

Probability of Detection

03

01

—e—Wilconon Estimator
—— Raim
—&— Hypothesis Testing

25 3 25 3

Mumber of Satellites with NLOS Biases

Figure 1. Performance Comparison of Three Methods.
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Another Monte Carlo simulation is conducted to
evaluate the performance of the NLOS identification
method described in the previous section. In the present
simulation, an artificial multipath profile is superimposed
on a set of real collected GPS pseudorange
measurements. A few iterative optimization-based
algorithms are selected for performance evaluation.
Those methods are taken from [10] and [1], and are not

presented in detail here. The traditional LS (least-squares)

algorithm is also used for comparison. Note that all the
methods are originally proposed for multipath mitigation
or NLOS detection in the field of non-GPS-based wireless
positioning; therefore some minor modifications must be
made before applying those methods to GPS positioning
problems. To compare the methods, a Monte Carlo

simulation is run for a scenario with ten in-view satellites.

To evaluate the bias mitigation performance, NLOS errors
are purposely added to the pseudorange measurements.
The NLOS error is assumed to have a Rayleigh
distribution with a multipath envelope ranging from 5 to
200 meters. For GNSS navigation, the multipath error
usually ranges from 5 (in a moderate environment) to
100 meters (in an urban canyon environment). The highly
adverse values here are only used for the purposes of

demonstration and may not reflect a real-world situation.

Figure 2 shows the cumulative distribution functions
(CDFs) of the location errors of the four different
methods given six measurements with NLOS biases. The
use of CDFs to evaluate the performance of multipath
mitigation algorithms is suggested by [7] and [1]. Method

0.8
0.7
0.6
0s
04
0.3
0.2

0.1

] |

1 is the proposed algorithm. Methods 2 and 3
correspond to the algorithms described in [10] and [1],
and are respectively denoted as “SQP-based method”
(without the use of the Wilcoxon regression) and
“TS-LQP method”. The fourth method is the traditional LS
method. It can be easily seen that the proposed method
outperforms the other methods.

The previous experiment shows that, although the
proposed algorithm has better performance, the
positioning error may be greater than 50 meters most of
time (around 50% CDF). For the next experiment, we
assume that the NLOS signals can be correctly identified.

In this case, we want to see whether the proposed
algorithm is able to accurately estimate the bias errors.
The results presented in Figures 3 and 4 show that the
positioning error is greatly reduced if the satellite signals
which are indeed contaminated by the multipath effect
can be identified prior to applying the proposed method,
thus allowing us to impose more specific constraints on
the nonlinear programming problem.

The final simulation examines the dynamic
performance of the proposed method. We assume that
the NLOS bias is a Gaussian distribution with a mean
equal to 100 meters and a variance of 20 meters. This is
only for demonstration purposes, since the behavior of
multipath errors is usually rather smooth and tends to
average out over time. The simulation results shown in
Figure 5 indicates that the proposed method is able to
accurately estimate the NLOS biases.

| —=— Proposed Method
—&— TS-LAP Method
LS
—— S0P-bagsed Method

0 50 100 150

200

250 300 350 400

Figure 2. Positioning error CDPs of four different NLOS detection algorithms for six NLOS measurements among ten satellite signals.
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Figure 3. (a), (b), and (c) respectively show the x, y, z-axes errors prior
to NLOS elimination.
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Figure 4. (a), (b), and (c) respectively show the x, y, z-axes errors after
the NLOS biases are removed by the proposed algorithm.
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multipath estimation by SQP method

multipath estimation
true multipath

(m)

sva2

multipath of

0 50 100 150 200 250 300

time(sec)
(a)
multipath estimation error by SQP method
28 T T T T T

multipath estimation error of

1
50 100 150 200 250 300
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(b)

Figure 5. NLOS Bias Error Estimation (assume NLOS bias is Gaussian
distributed with mean = 100 meters, and variance = 20 meters).

5. Conclusion

Recent advances in wireless positioning technology
have offered considerable improvement in NLOS
mitigation techniques. This paper applies some of the
new methods developed in this field to GPS multipath
error mitigation. The present work is the first to use SQP
optimization to solve GPS NLOS detection and mitigation
problems. Experimental results show that the proposed
algorithm is able to accurately estimate the bias error.
We also present a robust filter-based method for
identifying  satellite signals that contain NLOS
transmission prior to applying the constraint
optimization technique. By doing so, the number of
constrained equations can be reduced thus substantially
improving the estimation result.
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6. Appendix

Detailed calculations of the matrices A, and B, are
shown. The matrix A, = [A(1) A(2) ... A(n + 4)], where

A(1) :%:Zi(p(i)—||u—s’||—b—m(i)) _x=x )

Ju-s

af n ] . ) Y
A(2)=a—y=2;(p(l)—"u—s”—b—m(l)) —ﬁ )

3= =23 (pl) o] ~b-mii)

zZ—2Z
7))
s

A= 2 =23 (ot -[u-< -5-mi) ),

__ o
 om(i—4)

:Z(p(i—4)—"u—s”4||—b—m(i—4))(—l);i:5-~n+4.

Ali)

B =[B(/, j)] is an (n + 4)-by-(n + 4) matrix, where

2
B(1,1):ZX]:
2 —||u—s"||+xi
% [p(i)—||u—s’||J x=x Ju—s]
(P R e
3(2,2):62{
y

s fu-s]ey 2

(e =u=s| [ y-y Ju-s]
22 [_b-mm Ju-s] Ju-s
B(3,3)=ZZT];

I [ =
=] o-mi ) S Jus
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_Of_ _of
B(1,2) = P B(2,1) = o
:2" (P(i)—"U—Si”j _x—xi _y—y"

S | e
_&f _&f
B(13)= oxz B(3,1)= Ozx
n p(,-)_"u_si”] X—x' 7_7
=2 — - - -
|} Gre

_Pf _of

B(2,3)= v B(3,2) = e
n p(i)—"u—s’"] y—y' z-7
=2 - — || — ;
oy O e
62
B(4,4):a—b]:=2n

_Of _Of 3| x—x
B(1’4)_6Xb_B(4’1)_abX_2,1{"u—s'"

AN s
B(2,4) = Py B(4,2) = e 2 2 fums]

_Of _82_]‘: 2 z—27
B(3,4)= dzb B(4.3)= obz 2 = "u—s’”}
B(i,))=2;i=5-n+4
B i+4)=-27F _pjsan=_0T X=X

oxm(i) om(i)x ||u—s’
i=1---n .
B(2,i+4)=Lf.:B(i+4,2):az—]_c=2Ly_l;
oym(i) om(ily  u-s/|
i=1---n
2 2 i
B@,i+4)=—0J _p(i+a3=0 _ 277 .
zm(i) om(i)z ||u—s’
i=1--n
B(4,i +4) = azf' —B(i+4,4)= azf =2
abm(i) am(i)b
i=1.n.
B(i,j)= B(ji) =

omii—a)m(—4) om(j—a)ym(i—a)

i=5-5+(n—2),j=i+1-n+4
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